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Adaptive Remeshing Method for Finite-Element
Thermal Analysis

Earl A. Thornton* and Gururaja R. Vemagantif
Old Dominion University, Norfolk, Virginia

A finite-element remeshing approach that makes use of quadrilateral and triangular elements is described. The
approach uses the solution on a previous mesh to create a new mesh. Meshes are completely unstructured with
highly refined elements in regions of steep gradients and larger elements where gradients are smaller. Studies of
convergence rates for heat conduction problems with exact solutions show that for problems with highly
localized solution variations, the remeshing approach gives smaller solution errors with fewer unknowns than
refinement of uniform, structured meshes.

Nomenclature
a = dimension of solution domain
A = element area, Eq. (B3)
Aj = area of /th element
A,B = constants in exact solutions, Eqs. (10-11)
e = solution error at a point x,y
\\e || = global solution error, Eq. (7)
h - element dimension
h\,h2 = dimensions for element creation
k = thermal conductivity
Li — length of /th boundary segment
M = number of elements, Eq. (6)
N = number of boundary points, Eq. (5)
[N] = finite-element interpolation functions
Q = heat generation rate per unit volume
R = position vector of a node
T = exact temperature
Th = finite-element temperature
x,y = coordinate directions
a = orientation vector for element creation
Xi,X2 = eigenvalues, principal value of derivatives
$ = general dependent variable
^ = function in exact solution, Eqs. (10-11)

Superscript
e = element quantity

Introduction

D EFORMATION and stresses induced by aerodynamic
heating in high-speed flight vehicles are important con-

cerns in vehicle structural design. Aerodynamic heating may
have a significant effect on the performance of the structure,
and effective techniques for predicting the heating and the
thermal-structural responses are required.

Research is underway at the NASA Langley Research Cen-
ter and other research centers to improve the capabilities and
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efficiency of the finite-element method for high-speed com-
pressible flows and to develop efficient integration of finite-el-
ement fluid, thermal, and structural analyses. A focus of this
research is to develop adaptive finite-element methodology for
the accurate prediction of aerothermal loads and the thermal-
structural response of complex three-dimensional bodies.

Adaptive finite-element methods have been the focus of
research efforts for the last few years. A survey of the litera-
ture on adaptive finite elements was compiled by Oden and
Demkowicz,1 and adaptive grid generation in the finite-differ-
ence computational fluid dynamics (CFD) context is described
by Eiseman.2 An objective of adaptive refinement is to obtain
the best resolution of physical phenomena for a given compu-
tational effort. One approach used in the finite-element com-
munity is first to obtain a solution on an original crude mesh.
Based on this solution and the concept of error indicators, a
new mesh is created based upon the original mesh. Two basic
approaches being followed in this approach: 1) adaptive re-
finement/derefinement and 2) adaptive remeshing. There are
three basic methods for mesh refinement/derefinement: 1) the
h method; 2) the p method, and 3) the r method. In the h
method the elements of the initial mesh are refined into smaller
elements or derefined into larger elements. In the p method the
order of the polynomial used for the element interpolation
function is increased (or decreased) while keeping the geome-
try of the element constant. The r method keeps the number of
elements and their connectivity the same but moves the nodes.
There are also methods of mesh refinement that deal with
combinations of the above three methods.

Adaptive refinement/derefinement schemes are being ap-
plied to a wide range of finite-element applications in fluids,
structures, and heat transfer.3'7 Each of the methods have
limitations. In the neighborhood of strictly one-dimensional
features like shocks and thin boundary layers, mesh enrich-
ment is not very efficient, and, from one refinement to another
the number of elements increases significantly. Another disad-
vantage of mesh enrichment methods is that the original loca-
tion of the nodal points does not alter through successive
refinements. Though new points are added, and old ones are
deleted at each stage of refinement, the initial orientation of
the elements does not change. Though the r method does not
increase the number of elements, it may give rise to highly
distorted elements. Implementation of the/7 method is more
complicated than the h method, because extensive modifica-
tion of analysis programs is required. However, convergence
rates for p methods are higher than for h refinements. An area
of current investigation is a combination of h and p methods.

These considerations led Peraire et al.8 to develop an ap-
proach for adaptive remeshing. The approach generates an
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entirely new mesh based on the information provided by the
solution on an earlier mesh.

In the remeshing approach, nodal spacing and the orienta-
tion of the elements are represented by parameters that are
computed at the nodal points of an earlier mesh. In many
instances, the remeshing approach improves the quality of the
solution without significantly increasing the total number of
unknowns. In the Peraire remeshing method only triangular
elements are used, and the remeshing can provide stretching of
the elements locally. However, a global directionality cannot
be achieved because of the geometry of the elements. For the
prediction of aerodynamic heating, it was found that quadri-
lateral elements are better suited for boundary layers, and
remeshing with triangles in this region does not give the best
results. Additionally there is the motivation that remeshing
based on quadrilaterals when extended to three dimensions
will offer important advantages. For example, hexahedral
elements take considerably less computer storage compared
to their tetrahedral counterparts in three-dimensional applica-
tions.

The purpose of this paper is to present a new remeshing
approach that uses predominantly quadrilateral elements. The
approach uses quadrilateral elements where possible, and tri-
angles are introduced as needed. The remeshing approach at
each stage uses a solution based on a previous mesh to gener-
ate a new mesh. In this paper the remeshing approach is
applied to heat conduction problems, although, of course,
remeshing may be applied to other applications as well. The
basic concepts of adaptive remeshing are discussed first. Then,
the remeshing approach based on quadrilateral and triangular
elements is presented. Finally heat conduction examples are
analyzed using the new remeshing approach. Comparison of
solution errors based on exact solutions for both uniform h
refinement and adaptive remeshing are made to assess the
effectiveness of the approach.

Adaptive Remeshing
Concept of Remeshing

The main idea of remeshing lies in generating a completely
new mesh based on solution information available on a previ-
ous mesh. This information takes the form of mesh generation
parameters computed on the previous mesh at the nodal
points. The method becomes adaptive when these parameters
are computed from a numerical solution on the previous
mesh. The mesh generation process produces proper sizing of
the elements where refinement is required and provides
smooth transition from a high-resolution region to a low-reso-
lution region. This smooth transition in the mesh is desirable
for certain algorithms.9 Proper clustering of the elements near
regions of high gradients is achieved in the method without
refining existing elements. With remeshing, the nodal loca-
tions change from mesh to mesh unlike the h refinement/dere-
finement methods described previously. Numerical examples
will show with remeshing the quality of the solution may
sometimes be improved significantly without increasing the
total number of unknowns. In some instances, solution qual-
ity increases with a reduction of the number of unknowns.

The crude earlier mesh in this method is referred to as the
background mesh. Initially a hand-made mesh with a few
elements can be used as a background mesh. Since a solution
may not be available on this mesh, mesh generation parame-
ters may be specified at the nodal points of the mesh. Intuitive
solution knowledge may be useful in this specification, but a
regular and uniform distribution olf the parameters is suffi-
cient for many cases. Once this information is available, a new
mesh is created within the domain that is to be discretized. The
domain boundaries are predefined by the user. The mesh
generation parameters needed for the new mesh at various
locations within the domain are linearly interpolated from the
background mesh. A search algorithm (Appendix A) based on
the nodal coordinates of an element is used for this purpose.
The initial background mesh need not coincide with the do-

main of discretization. Then a finite-element solution is ob-
tained on the new mesh, and the mesh generation parameters
are computed based on the numerical solution. Continuing,
the current mesh becomes a background mesh for the next
mesh to be generated. The process of generating sequential
meshes continues until the desired convergence for the solu-
tion is achieved.

Mesh Generation Parameters
The mesh generation parameters used for the construction

of a new mesh are shown in Fig. 1. They are as follows: 1) two
components of a vector a. along which an element is to be
stretched, 2) a spacing h\ normal to this vector, and 3) a
spacing h2 tangential to the vector. Thus a new element has a
dimension hi in the direction of the vector and a dimension h2
in a direction normal to the vector.

The key step between a solution on a mesh and its adaptive
remesh is the computation of the mesh generation parameters.
The mesh generation parameters are computed from an error
indicator based on a dependent variable. In most cases the
actual solution error cannot be calculated exactly, but relative
errors can be estimated by indicators based on the finite ele-
ment solution. Studies of mesh optimization10 have shown
that an optimum mesh is achieved when the local error is
distributed equally throughout the mesh. Equal distribution of
the estimated error is the basis for mesh refinement/derefine-
ment schemes as well as the adaptive remeshing scheme used
herein.

As an illustration, in one-dimension the solution error for
an element is estimated by

dx2

where h is the length of the element, and $ is the dependent
variable. An optimum mesh is obtained when this error is
equally distributed by requiring

h2
dx2 = const (1)

Notice that $ is the dependent variable in the finite-element
solution, and that second derivatives of the solution must be
computed. In the refinement/derefinement schemes, the adap-
tive strategy is based on equal distribution of solution error

a) Triangle

1 b) Quadrilateral

Fig. 1 Mesh generation parameters for adaptive remeshing.
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for elements. In remeshing, the adaptive strategy is based on
an interpolation of the solution error at nodes.

In application of remeshing to the two-dimensional case,
the second derivatives at a point are given by the matrix

dx2 dxdy

dydx dy2

(2)

The method used for computing the second derivatives
needed in Eq. (2) is described in Appendix B. For remeshing,
the principal directions are computed along which the cross
derivatives vanish. Principal eigenvalues \i and X2, and princi-
pal directions X\ and X2 are computed. Equal distribution of
solution error at nodes is achieved by requiring

hf \\i\ =/*2
2 IX 2 I (3)

where hi refers to an element dimension in the X\ direction,
and h2 refers to the element dimension in the X2 direction (see
Fig. 1). Thus,

hi' (4)

The eigenvalue problem is solved at each nodal point of the
background mesh including the boundaries. Using the maxi-
mum eigenvalue and a user-specified minimum h, the constant
in Eq. (3) is determined. Then at each point, h\ and H2 can be
computed. These dimensions determine the size of, an element
to be created. The shape of the element is constrained by limits
on the internal angles so that a distorted element is not cre-
ated. Usually these limits are between 45 and 135 deg for a
quad element and 30 to 150 deg for a triangle.11

Remeshing Example
To illustrate the basic steps in remeshing, an example is

presented in Fig. 2. The figure illustrates a new mesh being
created from a solution obtained on a previous mesh. In Fig.
2a, the background mesh is shown. Using this mesh, a finite-
element solution has been obtained. Figures 2b-2d show the
evolution of the new mesh. Figure 2b shows the boundary
points that are created first; Figs. 2c and 2d show the mesh at
two stages of development, and Fig. 2e shows the final mesh.
Notice the remeshing proceeds inward from the boundary,
and that quads as well as triangles are generated as the remesh-
ing proceeds.

Remeshing with Quads and Triangles
Boundary Discretization

The mesh generation process starts with boundary dis-
cretization. Boundary segments joining fixed-boundary nodes
are ordered in an anticlockwise manner for an external
boundary and are ordered in a clockwise manner for an inter-
nal boundary defining a hole within domain. This way the
domain to be discretized always exists on the left-hand side of
the boundary.

Additional boundary nodes are included to satisfy the spac-
ing requirements compatible with the background mesh. Each
boundary segment is descretized in order until the entire
boundary is covered. When a boundary segment is to be
discretized in the new mesh, the number of intermediate points
to be included is determined first. A number of sample points
on the same segment in the background mesh are taken where
the dimensions hi and h2 are known. Then the number of
intermediate points TV to be included is determined from

N=r,- 1
(5)

a) Initial mesh

b) Boundary discretization

c) A stage of remeshing

d) Later stage of remeshing

e) Final remesh

Fig. 2 An adaptive remeshing example.
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where / denotes a sample point, and L/ is the distance between
adjacent sample points. Note that the right-hand side of Eq.
(5) is adjusted to the closest integer to yield N. Then the
intermediate spacings between these points are computed
based on the local hi values. The spacings are scaled appropri-
ately to account for adjusting the value N. Once the intermedi-
ate spacings are established, the coordinates of the new points
are computed.

Front Concept
The mesh generation process is based on an advancing front

technique similar to the method proposed by Lo.12 The front
consists of adjacent nodes joined by line segments. The initial
front consists of the boundary segments that link adjacent
boundary nodes. As the mesh construction goes on, the front
changes its shape. Whenever new nodes are created they are
included in the front accompanying the nodes that are linked
to them. When a node cannot be used for further element
construction, it is eliminated from the front and becomes
inactive. Thus the front can be defined as a chain of line
segments that surround the domain that remains to be dis-
cretized. The front changes its shape constantly during the
construction process and vanishes when the mesh is complete.

The evolution of the front is illustrated by the example
introduced in Fig. 2. In Fig. 2b, the boundary of the mesh
makes up the initial front as the remeshing begins. Figure 2c
shows the front as the mesh generation proceeds inward from
the boundary. In Fig. 2d, there are multiple fronts.

Element Creation
Element creation proceeds from the smallest frontal seg-

ment giving priority to regions which require refinement.
Three different options are used for creating elements. At the
smallest segment of the front, these options are attempted in
sequence until an element is created. The first two options
create quadrilateral elements, and the last option creates trian-
gular elements. Thus the final mesh consists of predominantly
quadrilateral elements. Once the mesh is complete, a post-pro-
cess combines two triangles at a time, wherever possible, to
make as many well-shaped quads as can be created. The
different options for creating elements are illustrated in Fig. 3
and are discussed below.

Option 1—This option attempts to make quadrilaterals on
corners of the front (see Fig. 3). Corner points where frontal
segments can be used as sides of a quad element are identified
first. An advantage of this option is three frontal nodes are
available for a quad, and only one node needs to be created.
Based on the mesh generation parameters at the end nodes of
the smallest frontal segment A-B, the midpoint parameters are
computed by linearly interpolating endpoint values. The loca-
tion of the fourth point D is determined from the a vector and
the dimension H2. Before this point is taken as a fourth point,
other points that already exist nearby in the front are consid-
ered. Hence before a new point is created, existing points that
can be used are checked to keep the number of nodes to a
minimum. Finally, the front is updated deleting the inactive
node B and including the new active node D. If the method
cannot generate an element at this corner point it goes to the
next corner point in an order of increasing frontal length. If all
the corner points fail to generate an element the next option
for the element creation is tried.

Option 2—This point attempts to make a quadrilateral on
the smallest frontal segment by locating two points within the
domain (see Fig. 3). Based on the mesh generation parameters
at the end nodes of the segment A-B, the midpoint parameters
are computed as in Option 1. The location of the points C and
D are determined from the a vector and the dimension h2.
Before these points are created, points that already exist
nearby are examined. Construction takes place by joining
A,B, C, and D. Again the front is updated including the points
C and D. If an element cannot be created with this option, the
method attempts the last option.

OPTION 1

Fig. 3 Options considered in creating a new element.

Option 3—In the last option tried in the cycle, a triangle is
created instead of a quadrilateral. Unlike in Option 2 where
two points are created within the domain, only one point is
created in this case. The principle of element creation in this
option is shown in Fig. 3. Point C is created in such a way that
a well-shaped triangle is obtained. Inclusion of this option
gives the method flexibility to create an element on almost any
arbitrary front. Once a triangular element is created the front
is updated.

After an element is created by one of the options, the next
element is attempted on the updated front starting with Op-
tion 1.

Mesh Smoothing
The mesh that is generated may have some distorted ele-

ments because of maximum angle tolerances and/or aspect
ratios permitted. To minimize element distortions, the nodes
are repositioned. This operation is referred to by some re-
searchers as mesh smoothing. In the smoothing process every
interior node is moved to the centroid of the polygon formed
by the nodes that are connected to it. Boundary nodes are
constrained to move along the boundary edge on which they
lie.

Let C denote the node that is to be repositioned, and let M
denote the number of elements that share C as a common
node. Then the new position vector of node C is computed
from

E -
j = 1

M
(6)

where AI denotes the area of the /th connected element, and /?/
is the position vector of the centroid of the /th element. The
new position of all nodes are computed in this fashion. Then
the process is repeated for several iterations until the nodes
reach their final positions. Typically, ten iterations are suffi-
cient to bring the nodes to their final positions.

More sophisticated versions2 of this type of repositioning
may be used to improve the quality of the solution. These
procedures use Eq. (6) with a weighting factor that is deter-
mined by the solution on the smoothed mesh.

Applications
These applications are presented to illustrate the remeshing

approach. Heat conduction examples with exact analytical
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solutions are used to assess the convergence of the global error
as the meshes are adapted successively to the numerical solu-
tions. For heat conduction problems, let T(x,y) be the exact
solution, and Th(x,y) be the finite-element solution. The error
in the approximation at any point is the function

e(x,y)=T(x,y)-Th(x,y)

In the examples that follow, the global error in the approxi-
mate solution is measured in the L2 norm defined by

where A is the area of the solution domain. The integral is
evaluated on an element basis and summed over all elements in
the domain. Four-point Gauss integration is used to evaluate
the integrals; a check with nine-point integration for a solution
with steep gradients verified the accuracy of the four-point
approach.

Example 1
The first example (Fig. 4) consists of the classical problem

of heat conduction in a square where T(x,y) is a solution of
the steady equation,

d2T (8a)

subject to the boundary conditions,

dT

f <*•<

T(a,y) = 0

T(x,a) = 0 (8b)

for constant thermal conductivity k and heat generation Q.
The exact solution given by Carslaw and Jaeger13 is

;
2k

irx TTV
( - 1)" cos(2« -I- 1) — cosh(2« + 1) —-
_______ 2a _________2°

(2/i. + l)3cosh(2« + l)
(9)

ax ft=0

Fig. 4 Temperature contours for two-dimensional heat conduction
with internal heat generation, Example 1.

a) Mesh 1

b) Mesh 2

c) Mesh 3

Fig. 5 Example 1: initial mesh and adaptive remeshes.
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Table 1 Example 1: Comparative solution errors

Uniform h refinement

Mesh
1
2
3

Mesh
1
2
3

Unknowns
36

121
441

Remeshing

Unknowns
121
144
196

h
4
2
1

h*a

2.000
1.818
1.539

Error, || e ||
4.3480
1.0870
0.2717

Error, \\e\\
1.0870
0.8816
0.6381

*ha denotes an average element size defined as the square root of the area A
divided by the number of elements in the remesh.

Finite-element solutions were obtained for the following: 1)
three meshes with uniform h refinement of square elements,
and 2) two adaptive remeshes where the remeshing started
from the solution on uniform mesh 2. The meshes used in the
remeshing approach are shown in Fig. 5, and solution errors
are tabulated in Table 1.

The remeshes (meshes 2 and 3) shown in Fig. 5, do not
differ greatly from those obtained in a uniform h refinement.
The exception is the two triangles that appear in mesh 3, Fig.
5c. The triangles are generated spuriously by the program,
possibly due to tolerance for element distortions. Some studies
of mesh movement (not shown) indicated that a nearly opti-
mum mesh for this problem consists of square elements
slightly distorted into quads but with very smooth element
interface curves. The remeshes shown in Fig. 5 appear to have
some features of the optimum meshes, but fall short of pro-
ducing smooth optimum meshes. Nevertheless, when solution
errors are considered, the remeshes of Fig. 5 give acceptable
results.

Considering Table 1, note that uniform h refinement re-
duces the global solution error according to h2 as predicted by
finite-element theory. Using the average element size ha, the
solutions based on the remeshes follow the same trend; that is,
the solution error is (K/z,2).

Thus in this problem, remeshing is improving the solution
quality at the same rate as a uniform h refinement. The reason
that remeshing shows no advantage over uniform h refinement
is that the problem solution is smooth with no steep gradients.

Example 2
This model problem4 assumes a solution that satisfies Eq.

(8a) and homogenous Direchlet boundary conditions. The
solution takes the form

T(x,y) = \l/(x,x0,cx)
\I/(x,x0,c) = (x + x0)c + Ax + B

(Ida)

(10b)

where A and B are selected so that the homogeneous boundary
conditions are satisfied. In the example, x0 = y0 = 0.03, and
Cx - Cy = —0.25. The solution is formulated to give steep
gradients near the coordinate axes. For the finite-element
computations, the solution, Eq. (10), is substituted into the
governing equation (8a) which is solved for Q(x,y). The heat
generation Q is then integrated numerically over each element,
and nodal temperatures are computed. The temperature con-
tours from the exact solution, Eq. (10), are presented in Fig. 6.

Finite-element solutions were obtained for the following: 1)
three meshes with uniform h refinement of square elements
and 2) three adaptive remeshes where the rerneshes started
from the solution on uniform mesh 2. The meshes used in the
remeshing approach are shown in Fig. 7, and solution errors
are tabulated in Table 2.

Fig. 6 Temperature contours for two dimensional heat conduction
problem, Example 2.

The remeshes shown in Fig. 7 consist of a mixture of quad
and triangular elements generally of good proportions. The
elements do not follow any clear pattern that might be intu-
itively suggested, but as the meshes are adaptively created
there is clear refinement of elements at the sharp gradients
near the coordinate axes. At the same time larger elements are
being created away from the boundaries in regions of smaller
gradients. Although the remeshes are not aesthetically satisfy-
ing, they are effective in producing high-quality solution con-
vergence as demonstrated in Table 2.

From Table 2, note that uniform h refinement reduces the
global solution error at a rate less than the optimum rate,
0(/z2). This appears to be because of the steep gradients present
in the solution. Additionally, the optimum convergence rate is
0(/*2) only as an asymptotic limit which apparently has not
been reached.

The errors based on the remeshes are reduced at a faster rate
than for uniform refinement. The first mesh, which produced
mesh 2 with 299 unknowns* gives an error \\ e \\ =0.01969,
which is smaller than the error produced on uniform mesh 3,
which has 441 unknowns.

In addition, the second remesh which produces mesh 3 has
reduced the number of unknowns from 299 to 288 and simul-
taneously has reduced the error. Finally, if one more uniform
h refinement were made assuming an optimal convergence rate
of four, the solution error would reduce from 0.03305 to
0.00826 for over 1600 unknowns. Yet, the third mesh that
produced mesh 4 has an error of 0.00550 for only 572 un-
knowns. Clearly for this problem with steep gradients, the

_____Table 2 Example 2: Comparative solution errors_____

Uniform h refinement

Mesh
1
2
3

Mesh
1
2
3
4

Unknowns h
36 1.00

121 0.50
441 0.25

Remeshing

Unknowns
121
299
288
572

Error, || e ||
0.12720
0.07982
0.03305

Error, ||e||
0.12720
0.01969
0.01270
0.00550
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a) Mesh 2

b) Mesh 3

T = 0

T = 0

T = 0

T=0

Fig. 8 Temperature contours for two-dimensional heat conduction
problem, Example 3.

c) Mesh 4

Fig. 7 Example 2: adaptive remeshes.
b) Mesh 3

Fig. 9 Example 3: adaptive remeshes.
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Table 3 Example 3: Remeshing solution errors

Type Unknowns Error, \\e\\

Uniform hy (21x21)
Remesh 1
Remesh 2

441
176
322

0.415000
0.028700
0.002868

remeshing approach produces higher solution quality for re-
duced computational effort than uniform h refinement.

Example 3
In Example 2, the gradients were roughly one dimensional

with the solution varying steeply normal to the x and y axes.
For this final example, a model problem4 is solved where the
gradients were more two dimensional. As before, the model
problem assumes a solution that satifies Eq. (8a) and homoge-
neous boundary conditions. The solution takes the form

(Ha)

+ AX + B (lib)

T(x,y) = \l/(x,x0,ex)

1

where again A and B are selected so that homogeneous
boundary conditions are satisfied. In the example, x0 = 0.55,
y0 = 0.50, and ex = 0.02, ey = 0.05. The solution gives very
steep gradients near x0,y0. As in the previous example, the
solution is substituted into the governing equation, Eq. (8a),
to give a variable heating rate Q(x,y) for the finite-element
solution. The temperature contours from the exact solution,
Eq. (11), are presented in Fig. 8.

Finite-element solutions were obtained for two remeshes
starting from a solution on a uniform mesh. The meshes
obtained from remeshing are shown in Fig. 9, and the solution
errors are tabulated in Table 3.

Table 3 shows that for the first remesh there was an error
reduction of about 15 even though the number of unknowns
was reduced by more than one-half. For the second remesh,
the number of unknowns are less than 75 % of the unknowns
in the original mesh, yet the solution error has been reduced by
more than two orders of magnitude. The example shows the
strong benefits that were obtained by adaptively refining a
mesh in regions of steep gradients.

Concluding Remarks
A finite-element adaptive remeshing approach is described.

The approach uses quadrilateral elements where possible, and
triangles are introduced as needed. The remeshing approach
uses a solution based on an old mesh to create a new mesh.
Second derivatives of the previous solution are used to com-
pute parameters that determine the size and orientation of
elements on the new mesh. The new mesh is created one
element at a time using a front concept. The front begins from
the discretized boundary of the solution domain and advances
into the domain as the mesh evolves. As the mesh construction
continues, the front continuously changes shape and vanishes
when the mesh is complete. In the present implementation,
two options for creating quadrilaterals are tried first, and only
when a well-shaped quad cannot be created is a triangle intro-
duced. The resulting meshes are completely unstructured and
are highly refined in regions of steep solution gradients; ele-
ments are relatively large in regions of small gradients.

The remeshing approach is applied to three pure conduction
problems with exact analytical solutions. To assess the effec-
tiveness of the approach, a global error measure was used to
study solution convergence rates as meshes were adaptively
refined. Comparison were also made with convergence rates

for solutions obtained on successively refined uniform, struc-
tured meshes.

For a problem with a smooth solution with no steep gradi-
ents, the remeshing approach produced convergence rates of
order h2 the same as uniform refinement. Hence, for problems
with few gradients the approach offers no advantage over
uniform mesh refinement and probably would be a more
expensive way to generate the meshes. However, for two ex-
amples with steep gradients, the approach consistently out-
performed uniform refinement. In both examples, the remesh-
ing approach gave much faster convergence rates. Moreover,
in both cases there were instances where the error in the
solution was reduced even though the number of unknowns
was actually smaller than in the previous mesh. This desirable
behavior has also been observed by Peraire and coauthors who
had previously developed the method using all triangles. The
present implementation of the method has some advantages
over an all-triangle mesh including the fact that fewer elements
are required with quadrilaterals. The approach offers poten-
tial for greater savings in three dimensions, where a single
hexahedral element can replace at least five tetrahedrons.

This paper has demonstrated an approach for applying the
remeshing concept to more general elements and demon-
strated the benefits offered by adaptive remeshing for prob-
lems with steep gradients. The remeshing concept offers excel-
lent potential for development as a general means of adaptive
refinement for a wide variety of applications. The method will
be very valuable to resolve highly localized phenomena with
minimum computational effort.
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Appendix A: Search Algorithm
The interpolation of mesh generation parameters in the new

mesh uses a search algorithm to identify the element on the
background mesh where the point of interest P lies. This
search is made on a global basis since the background mesh is
unstructured.

An array is created in the program that gives

XMIN—minimum X coordinate
XMAX—maximum X coordinate
YMIN—minimum Y coordinate

YMAX—maximum Y coordinate

for all the elements on the background mesh. As the search
begins, the coordinates of P are checked to determine if they
lie within the limits for each element. This check is made one
limit at a time so that a negative response avoids the remaining
checks. When the response is positive for all four checks, the
point lies in the neighborhood of an element shown as the
rectangle ABCD in the following sketch. A second set of
checks are then made to determine if point P lies within the
element (shaded region). The second set of checks are made by
computing the areas of the triangles 12P," 23P, 34P, and 41P
where 1, 2, 3, 4, are the nodes numbered in an counterclock-
wise manner. If any of the areas are negative or zero (within a
specified tolerance), the response is negative, and the search
proceeds to the next element.
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derivatives by

Appendix B: Computation of Derivatives
For the elements used in the remeshing method the value of

the dependent variable within an element is interpolated from
nodal values by

= [N(x,y)] (Bl)

where, for a triangle, the interpolation functions [N] are lin-
ear, and, for a quad, the interpolation functions are bilinear.
From Eq. (Bl), first derivatives can be computed, but it is not
possible to compute the second derivatives that are needed for
remeshing. As an alternate approach the following procedure8

is used.
From Eq. (Bl), element first derivatives are computed by

direct differentation. For example,

dN
(B2)

Values of the first derivatives are computed at nodal points by
assembling system equations from element contributions of
the form,

M [N] dA — =

The coefficient matrix on the left-hand side of Eq. (B3) is
diagonalized to yield an explicit set of equations that are
solved for the nodal value of the derivatives. The procedure
given by Eq. (B3) may be interpreted as computing the nodal
derivative as a weighted average of the derivatives from the
elements surrounding the node. Element area factors serve as
the weighting factors.

The computation of the second derivative follows the same
steps. Element second derivatives are computed from nodal

a2^!awl fas)
dx2 ~~ L dx\ [dx)

(B4)

and then nodal second derivatives are computed from system
equations assembled from

[N] [N] dA '#*) _
ax'j " -3TT <B5>

The procedure described by Eqs. (B1-B5) lacks mathemati-
cal rigor, but it has been proven adequate for computing the
second derivatives needed for remeshing. The second deriva-
tives computed on the boundaries typically are less accurate
than those computed at interior nodes.
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